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Fig. 1 An arrangement A with a cell marked by a star and a wiring diagram of A. The local se-
quences of this arrangement are: α1 = 3,5,4,6,2, α2 = 3,4,5,6,1, α3 = 2,1,6,5,4, α4 = 2,5,1,6,3,
α5 = 2,4,1,6,3, α6 = 2,1,4,5,3

Fig. 2 Arrangement A with its dual and the corresponding zonotopal tiling

Zonotopal tilings A simple zonotopal tiling T is a tiling of a regular 2n-gon with
vertices x0, x1, . . . , x2n−1 in clockwise order starting with the highest vertex x0. The
tiles of T are rhombi R(i, j), 1 ≤ i < j ≤ n, such that R(i, j) has one side which is
a translated copy of the segment [xi−1, xi] and one side which is a translated copy of
the segment [xj−1, xj ]. The tiles are not allowed to be rotated.

Simple zonotopal tilings can be viewed as normalized drawings of the duals of
marked simple arrangements. Figure 2 shows an example. For additional information
on zonotopal tilings and their relation to arrangements see [4] and [2].

Proofs of equivalence of the three representations are detailed in [4]. The basic
tool for the proof of equivalence is to sweep a representation, resp. the arrangement,
from left to right to transform one representation into another.

2 The Upper Bound

The upper bound for the number of simple Euclidean arrangements given in [3] was
based on ‘horizontal encodings’ of arrangements. The first step was to replace the
numbers in the local sequences αi by single bits, a 1 for numbers j with j < i and a
0 for j > i.

The proof of Knuth [9] takes a ‘vertical’ approach. Let A be an arrangement of
n + 1 pseudolines and consider pseudoline n + 1 drawn into the wiring diagram of

[FV11]
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HIGHER DIMENSIONS

Just as isomorphism classes of pseudoline arrangements correspond to oriented ma-
troids of rank 3, the corresponding fact holds for higher-dimensional arrangements,
known as arrangements of pseudohyperplanes: they correspond to oriented ma-
troids of rank d+ 1 (see Theorem 6.2.4 in Chapter 6 of this Handbook).

It turns out, however, that in higher dimensions, generalized configurations of
points are (surprisingly) more restrictive than such oriented matroids; thus it is
only in the plane that “projective duality” works fully in this generalized setting;
see [BLS+99, Section 5.3].

5.3 STRETCHABILITY

STRETCHABLE AND NONSTRETCHABLE ARRANGEMENTS

Stretchability can be described in either combinatorial or topological terms:

THEOREM 5.3.1 [BLS+99, Section 6.3]

Given an arrangement A or pseudolines in P
2, the following are equivalent.

(i) The cell decomposition induced by A is isomorphic to that induced by some
arrangement of straight lines;

(ii) Some homeomorphism of P2 to itself maps every Li ∈ A to a straight line.

FIGURE 5.3.1

An arrangement that violates
the theorem of Pappus.

p
q

r

Among the first examples observed of a nonstretchable arrangement of pseu-
dolines was the non-Pappus arrangement of 9 pseudolines constructed by Levi: see
Figure 5.3.1. Since Pappus’s theorem says that points p, q, and r must be collinear
if the pseudolines are straight, the arrangement in Figure 5.3.1 is clearly nonstretch-
able. A second example, involving 10 pseudolines, can be constructed similarly by
violating Desargues’s theorem.

Ringel showed how to convert the non-Pappus arrangement into a simple ar-
rangement that was still nonstretchable. A symmetric drawing of it is shown in
Figure 5.3.2.

Using allowable sequences, Goodman and Pollack proved the conjecture of
Grünbaum that the non-Pappus arrangement has the smallest size possible for
a nonstretchable arrangement:

[FG16]

Examples of non-stretchable pseudoline arrangements

StretchabilityIntroduction

Non-pappus example (9 lines)

[Wikipedia]

Pappus's hexagon theorem
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5.2 RELATED STRUCTURES

GLOSSARY

Circular sequence of permutations: A doubly infinite sequence of permuta-
tions of 1, . . . , n associated with an arrangement A of lines L1, . . . , Ln by sweep-
ing a directed line across A; see Figure 5.2.3 and the corresponding sequence
below.

Local equivalence: Two circular sequences of permutations are locally equivalent
if, for each index i, the order in which it switches with the remaining indices is
either the same or opposite.

Local sequence of unordered switches: In a Euclidean arrangement (wiring
diagram), the permutation αi given by the order in which the remaining pseudo-
lines cross the ith pseudoline of the arrangement. In Figure 5.1.2, for example,
α1 is (2, {3, 5}, 4).

Configuration of points: A (labeled) family S = {p1, . . . , pn} of points, not all
collinear, in P

2.

Order type of a configuration S: The mapping that assigns to each ordered triple
i, j, k in {1, . . . , n} the orientation of the triple (pi, pj , pk).

Combinatorial equivalence: Configurations S and S ′ are combinatorially equiv-
alent if the set of permutations of 1, . . . , n obtained by projecting S onto every
line in general position agrees with the corresponding set for S ′.

Generalized configuration: A finite set of points in P
2, together with an ar-

rangement of pseudolines such that each pseudoline contains at least two of the
points and for each pair of points there is a connecting pseudoline. Also called
a pseudoconfiguration. For an example see Figure 5.2.1.

FIGURE 5.2.1

A generalized configuration of 5 points,
this example is known as the .
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Allowable sequence of permutations: A doubly infinite sequence of permuta-
tions of 1, . . . , n satisfying the three conditions of Theorem 5.2.1. It follows from
those conditions that the sequence is periodic of length ≤ n(n− 1), and that its
period has length n(n− 1) if and only if the sequence is simple, i.e., each move
consists of the switch of a single pair of indices.

[FG16]

Examples of non-stretchable pseudoline arrangements

StretchabilityIntroduction

The unrealizable pentagon (10 lines)



Simple arrangement of pseudolines
no three pseudolines have a common intersection point

Pseudoline
x-monotone curve in the Euclidean plane

Arrangement of pseudolines
family of pseudolines such that every pair has a unique intersection

Marked simple arrangement of pseudolines
designated unbounded cell, called the north cell
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How many such arrangements are there?
When are two arrangements equal?
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If we can map one to the other by homeomorphism of the plane
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How many such arrangements are there?
When are two arrangements equal?

Bn := number of marked simple arrangements of n pseudolines

[G97] Goodman, J.E.: Proof of a conjecture of Burr, Grünbaum and Sloane. Discrete Math. 32, 27–35 (1980)

B4 = 8 B5 = 62 B6 = 908 ... B20 = ?
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How many such arrangements are there?
When are two arrangements equal?
Bn := number of marked simple arrangements of n pseudolines

[GP86] Goodman, Jacob E., and Richard Pollack. "Upper bounds for configurations and polytopes inR d." 
Discrete & Computational Geometry 1.3 (1986): 219-227.

Bn = 2Θ(n2)

CountingIntroduction

[GP86]

For comparison:
Ln := number of straight 
        line arrangements
Ln = 2O(n log n)



How many such arrangements are there?
When are two arrangements equal?
Bn := number of marked simple arrangements of n pseudolines

[K92] Knuth, D.E.: Axioms and Hulls. Lect. Notes Comput. Sci., vol. 606. Springer, Berlin (1992)
[F97] Felsner, S.: On the number of arrangements of pseudolines. Discrete Comput. Geom. 18, 257–267 (1997)
[FV11] Felsner, Stefan, and Pavel Valtr: Coding and counting arrangements of pseudolines. Discrete & Comp. Geo. 46.3 (2011): 405-416.
[M02] Matoušek, J.: Lectures on Discrete Geometry. Graduate Texts in Mathematics, vol. 212. Springer, Berlin (2002)

• Conjecture: b = 1/2 [Knuth’92]
• b < 0.79, b > 1/6 [Knuth‘92]
• b < {0.72, 0.79, 0.69} [Felsner‘97]
• b < {0.79, 0.66}, b > 0.19 [F,Valtr‘11]
• b > 1/9 [Matoušek‘02]

= 2bn2+o(n2)
Bn = 2Θ(n2)
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Fig. 1. Wiring diagram.

An arrangement partitions the plane into cells of dimensions 0, 1, or 2, the vertices,
edges, and faces of the arrangement. The cells of an arrangement carry a natural lattice
structure. Adding a 0 and a 1 element we obtain the face lattice of the arrangement. Two
arrangements are considered to be isomorphic if their face lattices are isomorphic under
the correspondence induced by some labeling.
Particularly nice pictures of arrangements of pseudolines are given by their wiring

diagrams introduced in [5], seeFig. 1. LetW be awiring diagramof a simple arrangement
of size n. For each abscissa x where no crossing takes place the vertical order (upward)
of the pseudolines at x is a permutation ⇡x of {1 . . . n}. Assuming that no two crossings
of W have the same x position we obtain

�n
2

�
+ 1 different permutations. Denote by

6 the sequence of these permutations in left to right order. We note two properties of
sequence 6:

(1) Thefirst element of6 is the identity permutation (1, 2, . . . , n) and the last element
of 6 is the reverse permutation (n, . . . , 2, 1).

(2) Two consecutive permutations in 6 differ by the reversal of an adjacent pair.

Following Goodman and Pollack [6], [7] we call a sequence 6 of
�n
2

�
+ 1 permutations

of {1 . . . n} satisfying the above properties a simple allowable sequence. In general
allowable sequences it is allowed for consecutive permutations to differ by the reversal
of a larger substring. A simple allowable sequence is easily transformed into a wiring
diagram and, hence, an arrangement of pseudolines. Note, however, that many allowable
sequences may correspond to the same arrangement, see Fig. 2. Consecutive pairs of
crossings that have no pseudoline in common can be interchanged without changing the
arrangement.
Simple allowable sequences are basically the same as reflection networks, see [9].

Alternatively, they can also be seen as maximal chains in the weak Bruhat order of
the symmetric group. In this last context their number An has been determined by

Fig. 2. Wiring diagrams corresponding to one arrangement but two allowable sequences.

[F97]

same pseudoline arrangement, different allowable sequence
≠ counting allowable sequences
Bn := number of marked simple arrangements of n pseudolines

CountingIntroduction
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Fig. 1 An arrangement A with a cell marked by a star and a wiring diagram of A. The local se-
quences of this arrangement are: α1 = 3,5,4,6,2, α2 = 3,4,5,6,1, α3 = 2,1,6,5,4, α4 = 2,5,1,6,3,
α5 = 2,4,1,6,3, α6 = 2,1,4,5,3

Fig. 2 Arrangement A with its dual and the corresponding zonotopal tiling

Zonotopal tilings A simple zonotopal tiling T is a tiling of a regular 2n-gon with
vertices x0, x1, . . . , x2n−1 in clockwise order starting with the highest vertex x0. The
tiles of T are rhombi R(i, j), 1 ≤ i < j ≤ n, such that R(i, j) has one side which is
a translated copy of the segment [xi−1, xi] and one side which is a translated copy of
the segment [xj−1, xj ]. The tiles are not allowed to be rotated.

Simple zonotopal tilings can be viewed as normalized drawings of the duals of
marked simple arrangements. Figure 2 shows an example. For additional information
on zonotopal tilings and their relation to arrangements see [4] and [2].

Proofs of equivalence of the three representations are detailed in [4]. The basic
tool for the proof of equivalence is to sweep a representation, resp. the arrangement,
from left to right to transform one representation into another.

2 The Upper Bound

The upper bound for the number of simple Euclidean arrangements given in [3] was
based on ‘horizontal encodings’ of arrangements. The first step was to replace the
numbers in the local sequences αi by single bits, a 1 for numbers j with j < i and a
0 for j > i.

The proof of Knuth [9] takes a ‘vertical’ approach. Let A be an arrangement of
n + 1 pseudolines and consider pseudoline n + 1 drawn into the wiring diagram of

Zonotopal Tiling

[FV11] Felsner, Stefan, and Pavel Valtr: Coding and counting arrangements of pseudolines. Discrete & Comp. Geo. 46.3 (2011): 405-416.
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Simple zonotopal tilings can be viewed as normalized drawings of the duals of
marked simple arrangements. Figure 2 shows an example. For additional information
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[F97]Wiring Diagram Local Sequences
αi = order of the crossings
       with the lines {1,...,n}\i
α1 = 2,3,5,4
α2 = 1,5,4,3
α3 = 1,5,4,2
α4 = 5,1,3,2
α5 = 4,1,3,2

258 S. Felsner

Fig. 1. Wiring diagram.

An arrangement partitions the plane into cells of dimensions 0, 1, or 2, the vertices,
edges, and faces of the arrangement. The cells of an arrangement carry a natural lattice
structure. Adding a 0 and a 1 element we obtain the face lattice of the arrangement. Two
arrangements are considered to be isomorphic if their face lattices are isomorphic under
the correspondence induced by some labeling.
Particularly nice pictures of arrangements of pseudolines are given by their wiring

diagrams introduced in [5], seeFig. 1. LetW be awiring diagramof a simple arrangement
of size n. For each abscissa x where no crossing takes place the vertical order (upward)
of the pseudolines at x is a permutation ⇡x of {1 . . . n}. Assuming that no two crossings
of W have the same x position we obtain

�n
2

�
+ 1 different permutations. Denote by

6 the sequence of these permutations in left to right order. We note two properties of
sequence 6:

(1) Thefirst element of6 is the identity permutation (1, 2, . . . , n) and the last element
of 6 is the reverse permutation (n, . . . , 2, 1).

(2) Two consecutive permutations in 6 differ by the reversal of an adjacent pair.

Following Goodman and Pollack [6], [7] we call a sequence 6 of
�n
2

�
+ 1 permutations

of {1 . . . n} satisfying the above properties a simple allowable sequence. In general
allowable sequences it is allowed for consecutive permutations to differ by the reversal
of a larger substring. A simple allowable sequence is easily transformed into a wiring
diagram and, hence, an arrangement of pseudolines. Note, however, that many allowable
sequences may correspond to the same arrangement, see Fig. 2. Consecutive pairs of
crossings that have no pseudoline in common can be interchanged without changing the
arrangement.
Simple allowable sequences are basically the same as reflection networks, see [9].

Alternatively, they can also be seen as maximal chains in the weak Bruhat order of
the symmetric group. In this last context their number An has been determined by

Fig. 2. Wiring diagrams corresponding to one arrangement but two allowable sequences.

Bn � ((n� 1)!)n

�

Wire Diagram EncodingFelsner’97
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τ1 = 1,1,1,1
τ2 = 0,1,1,1
τ3 = 0,1,1,0
τ4 = 1,0,0,0
τ5 = 0,0,0,0

Bn � 2n2
τi,j = 1 iff αi,j > i

Bn � ((n� 1)!)n

�

Wire Diagram EncodingFelsner’97
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6 the sequence of these permutations in left to right order. We note two properties of
sequence 6:

(1) Thefirst element of6 is the identity permutation (1, 2, . . . , n) and the last element
of 6 is the reverse permutation (n, . . . , 2, 1).

(2) Two consecutive permutations in 6 differ by the reversal of an adjacent pair.

Following Goodman and Pollack [6], [7] we call a sequence 6 of
�n
2

�
+ 1 permutations

of {1 . . . n} satisfying the above properties a simple allowable sequence. In general
allowable sequences it is allowed for consecutive permutations to differ by the reversal
of a larger substring. A simple allowable sequence is easily transformed into a wiring
diagram and, hence, an arrangement of pseudolines. Note, however, that many allowable
sequences may correspond to the same arrangement, see Fig. 2. Consecutive pairs of
crossings that have no pseudoline in common can be interchanged without changing the
arrangement.
Simple allowable sequences are basically the same as reflection networks, see [9].

Alternatively, they can also be seen as maximal chains in the weak Bruhat order of
the symmetric group. In this last context their number An has been determined by

Fig. 2. Wiring diagrams corresponding to one arrangement but two allowable sequences.

τ1 = 1,1,1,1
τ2 = 0,1,1,1
τ3 = 0,1,1,0
τ4 = 1,0,0,0
τ5 = 0,0,0,0

Bn � 2n2

To do:
• Why are the αi enough?
• Why are the τi enough?
• Count τi carefully

τi,j = 1 iff αi,j > i
Bn � ((n� 1)!)n

�

Wire Diagram EncodingFelsner’97
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Wiring Diagram Initial Wiring Diagram

1
2
3
4
5

5
4
3
2
1 [F97]

258 S. Felsner

Fig. 1. Wiring diagram.

An arrangement partitions the plane into cells of dimensions 0, 1, or 2, the vertices,
edges, and faces of the arrangement. The cells of an arrangement carry a natural lattice
structure. Adding a 0 and a 1 element we obtain the face lattice of the arrangement. Two
arrangements are considered to be isomorphic if their face lattices are isomorphic under
the correspondence induced by some labeling.
Particularly nice pictures of arrangements of pseudolines are given by their wiring

diagrams introduced in [5], seeFig. 1. LetW be awiring diagramof a simple arrangement
of size n. For each abscissa x where no crossing takes place the vertical order (upward)
of the pseudolines at x is a permutation ⇡x of {1 . . . n}. Assuming that no two crossings
of W have the same x position we obtain

�n
2

�
+ 1 different permutations. Denote by

6 the sequence of these permutations in left to right order. We note two properties of
sequence 6:

(1) Thefirst element of6 is the identity permutation (1, 2, . . . , n) and the last element
of 6 is the reverse permutation (n, . . . , 2, 1).

(2) Two consecutive permutations in 6 differ by the reversal of an adjacent pair.

Following Goodman and Pollack [6], [7] we call a sequence 6 of
�n
2

�
+ 1 permutations

of {1 . . . n} satisfying the above properties a simple allowable sequence. In general
allowable sequences it is allowed for consecutive permutations to differ by the reversal
of a larger substring. A simple allowable sequence is easily transformed into a wiring
diagram and, hence, an arrangement of pseudolines. Note, however, that many allowable
sequences may correspond to the same arrangement, see Fig. 2. Consecutive pairs of
crossings that have no pseudoline in common can be interchanged without changing the
arrangement.
Simple allowable sequences are basically the same as reflection networks, see [9].

Alternatively, they can also be seen as maximal chains in the weak Bruhat order of
the symmetric group. In this last context their number An has been determined by

Fig. 2. Wiring diagrams corresponding to one arrangement but two allowable sequences.
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How many such local bit sequences τi can there be?

τ1 = 1,1,1,1
τ2 = 0,1,1,1
τ3 = 0,1,1,0
τ4 = 1,0,0,0
τ5 = 0,0,0,0

Observation: τi contains exactly n – i ones.

|Tn| =

�n � 1
0

��n � 1
1

��n � 1
2

�
· · ·

�n � 1
n � 1

�

|Tn| =
(n � 1)n�1
(n � 1)! |Tn�1|

Counting all the τiFelsner’97

� · · · � 2( 12 log2 e)·n2

Bn�|Tn|
=� b � 1

2 log2 e = 0.7213
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Wiring Diagram Local Bit Sequences

τ1 = 1,1,1,1
τ2 = 0,1,1,1
τ3 = 0,1,1,0
τ4 = 1,0,0,0
τ5 = 0,0,0,01

2
3
4
5

5
4
3
2
1

Log: 1,0,0,1,0|1,1|1,1|0,0|1,0|1,0|1|0|0,0|1 We never log „0,1“!

Read-Log of the τiFelsner’97
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How many different logs are possible?
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Read-Log of the τiFelsner’97

|Ln| � 2n · 3n(n�1)/2 = 2log2 3n2+O(n)

X
X
X
X
X

Log: 1,0,0,1,0| 2  | 2  | 0 | 1  | 1  |1|0| 0  |1

Bn�|Ln|
=� b � 1

2 log2 3 = 0.7924



1 1 1 1
1 0
1 0

1 0
0 0 0

Replace
Matrix A

Read-Log of the τi

[F97] Felsner, S.: On the number of arrangements of pseudolines. Discrete Comput. Geom. 18, 257–267 (1997)

Wiring Diagram Local Bit 
Sequences

τ1 = 1,1,1,1
τ2 = 0,1,1,1
τ3 = 0,1,1,0
τ4 = 1,0,0,0
τ5 = 0,0,0,01

2
3
4
5

5
4
3
2
1

Replace Matrix satisfies both conditions � b < 0.6974

Felsner’97

1 1 1 0 1
1 0 0 1 1
1 0 0 0 1
0 0 0 1 0
0 0 0 0 0

If we read from τi and τj, we write to ai,j and aj,i � ai,j � aj,i
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Different approach: insert a new pseudoline as a vertical cutpath
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Fig. 5 A cutpath through a wiring diagram

Fig. 6 Illustrating the proof of
Lemma 1

In the remainder of this section we present the main lemma of Knuth and show
how to use it to bound the number γn of cutpaths of an arrangement.

Consider a cutpath p descending through the wiring diagram of A. Having reached
a cell c, the path has to continue by crossing the wire w bounding c from below.
The cells that can be reached from c by crossing w are ordered from left to right as
c1, c2, . . . , cd . Let their number d be the degree of c. When d ≥ 2 we let c1 be the left
successor of c, and cd be the right successor of c. The other cells c2, . . . , cd−1 are
called middle successors of c. When d = 1 we let c1 be the unique successor of c.

When the cutpath p of A traverses a cell c such that there is a middle successor
cell c′ of c separated from c by pseudoline j we say that p sees a middle of color
j at c. If p descends from c to c′ we say that p has crossed pseudoline j as a
middle. Figure 5 illustrates the terminology. The middles of p denotes the set of all
pseudolines crossed by p as a middle. Similarly, the uniques of p denotes the set of
all pseudolines crossed by p when leaving cells of degree 1.

Lemma 1 (Knuth) For every pseudoline j and every cutpath p it holds: p sees a
middle of color j at most once.

Proof Suppose a cutpath p sees a middle of color j at different cells c and c′. As-
suming that p visits c before c′ we have a situation as sketched in Fig. 6. Let t be the
number of wires strictly between w and w′. Between the visits of the borders of c and
c′, pseudoline j has to change at least (t + 1) + 2 times from a wire to another, i.e.,
pseudoline j has at least t + 3 crossings in this range. Every pair of pseudolines has
only one crossing. Therefore, every pseudoline crossing j between c and c′ also has
to be traversed by the cutpath p on its way from c to c′. The cutpath p only intersects
t + 1 wires on its way from c to c′, a contradiction. !
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Fig. 3 The cutpath corresponding to pseudoline 6 in the arrangement of pseudolines 1,2,3,4, and 5

Fig. 4 Wiring diagrams of the
bubblesort arrangements of six
and seven lines

the arrangement A′ induced by the first n pseudolines of A. The course of pseudo-
line n + 1 describes a cutpath descending from the north-cell to the south-cell of A.
Looking at the zonotopal tiling representation of A′ as a graph a cutpath corresponds
to a vertically decreasing path from the highest vertex x0 to the lowest xn. Figure 3
shows an example.

The number of arrangements A such that A \ {n + 1} equals A′ is exactly the
number of different cutpaths of A′. Define γn as the maximal number of cutpaths an
arrangement of n pseudolines can have. It then follows that

Bn+1 ≤ γn · Bn. (1)

Knuth proves that γn ≤ 3n and he also notes that the ‘bubblesort arrangement’ (see
Fig. 4) of size n has approximately n 2n−2 cutpaths. Knuth also conjectures that the
bubblesort arrangement is the maximizing example. The bubblesort arrangement is a
particular Euclidean arrangement corresponding to the projective cyclic arrangement,
cf. [12].

In social choice theory a set T of permutations of [n] is called an acyclic set if for
all i, j, k ∈ [n] at most two of ijk, jki, kij appear as a restriction of a permutation
in T to {i, j, k}. The interest in acyclic sets comes from the fact that they avoid Con-
dorcet cycles. That is, if voters are constrained to preference lists from an acyclic set
T , then the majority digraph on the alternatives is acyclic. It has been shown in [6]
that the set of cutpaths of an arrangement A is an acyclic set. Fishburn [5] introduced
the alternating scheme as a large acyclic set. It turned out that the permutations in the
alternating scheme correspond to the cutpaths of the bubblesort arrangement (Fig. 4).
Galambos and Reiner [6] gave a precise formula for the size of the alternating scheme
and conjecture that this is the largest size of an acyclic set that can be obtained as the
set of cutpaths of an arrangement, i.e., in a different context they came up with the
same conjecture as Knuth. Ondřej Bílka, a student of the second author, found a con-
truction of arrangements with 2.076n cutpath [1]. This disproves the conjecture.
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Looking at the zonotopal tiling representation of A′ as a graph a cutpath corresponds
to a vertically decreasing path from the highest vertex x0 to the lowest xn. Figure 3
shows an example.

The number of arrangements A such that A \ {n + 1} equals A′ is exactly the
number of different cutpaths of A′. Define γn as the maximal number of cutpaths an
arrangement of n pseudolines can have. It then follows that

Bn+1 ≤ γn · Bn. (1)

Knuth proves that γn ≤ 3n and he also notes that the ‘bubblesort arrangement’ (see
Fig. 4) of size n has approximately n 2n−2 cutpaths. Knuth also conjectures that the
bubblesort arrangement is the maximizing example. The bubblesort arrangement is a
particular Euclidean arrangement corresponding to the projective cyclic arrangement,
cf. [12].

In social choice theory a set T of permutations of [n] is called an acyclic set if for
all i, j, k ∈ [n] at most two of ijk, jki, kij appear as a restriction of a permutation
in T to {i, j, k}. The interest in acyclic sets comes from the fact that they avoid Con-
dorcet cycles. That is, if voters are constrained to preference lists from an acyclic set
T , then the majority digraph on the alternatives is acyclic. It has been shown in [6]
that the set of cutpaths of an arrangement A is an acyclic set. Fishburn [5] introduced
the alternating scheme as a large acyclic set. It turned out that the permutations in the
alternating scheme correspond to the cutpaths of the bubblesort arrangement (Fig. 4).
Galambos and Reiner [6] gave a precise formula for the size of the alternating scheme
and conjecture that this is the largest size of an acyclic set that can be obtained as the
set of cutpaths of an arrangement, i.e., in a different context they came up with the
same conjecture as Knuth. Ondřej Bílka, a student of the second author, found a con-
truction of arrangements with 2.076n cutpath [1]. This disproves the conjecture.

Bn+1 � n · Bn

n: maximal number of cutpaths for n pseudolines
� goal: bound n

monotonically decreasing
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Counting cutpaths Naive: nn Clever: 3n
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Fig. 5 A cutpath through a wiring diagram

Fig. 6 Illustrating the proof of
Lemma 1

In the remainder of this section we present the main lemma of Knuth and show
how to use it to bound the number γn of cutpaths of an arrangement.

Consider a cutpath p descending through the wiring diagram of A. Having reached
a cell c, the path has to continue by crossing the wire w bounding c from below.
The cells that can be reached from c by crossing w are ordered from left to right as
c1, c2, . . . , cd . Let their number d be the degree of c. When d ≥ 2 we let c1 be the left
successor of c, and cd be the right successor of c. The other cells c2, . . . , cd−1 are
called middle successors of c. When d = 1 we let c1 be the unique successor of c.

When the cutpath p of A traverses a cell c such that there is a middle successor
cell c′ of c separated from c by pseudoline j we say that p sees a middle of color
j at c. If p descends from c to c′ we say that p has crossed pseudoline j as a
middle. Figure 5 illustrates the terminology. The middles of p denotes the set of all
pseudolines crossed by p as a middle. Similarly, the uniques of p denotes the set of
all pseudolines crossed by p when leaving cells of degree 1.

Lemma 1 (Knuth) For every pseudoline j and every cutpath p it holds: p sees a
middle of color j at most once.

Proof Suppose a cutpath p sees a middle of color j at different cells c and c′. As-
suming that p visits c before c′ we have a situation as sketched in Fig. 6. Let t be the
number of wires strictly between w and w′. Between the visits of the borders of c and
c′, pseudoline j has to change at least (t + 1) + 2 times from a wire to another, i.e.,
pseudoline j has at least t + 3 crossings in this range. Every pair of pseudolines has
only one crossing. Therefore, every pseudoline crossing j between c and c′ also has
to be traversed by the cutpath p on its way from c to c′. The cutpath p only intersects
t + 1 wires on its way from c to c′, a contradiction. !

left rightmiddle

Lemma (Knuth):
Any cutpath p sees any pseudoline j at most once as a middle.
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Lemma (Knuth):
Any cutpath p sees any pseudoline j at most once as a middle.

j: at least 5 wire changes3

p: exactly 3 wire changes

crossing j ⇒ crossing p
a contradiction.

c

c‘

p

j
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Encoding the cutpath

• M ∈ {0,1}n, subset of middles used
• β ∈ {0,1}n, sequence of left turns used
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Fig. 5 A cutpath through a wiring diagram

Fig. 6 Illustrating the proof of
Lemma 1

In the remainder of this section we present the main lemma of Knuth and show
how to use it to bound the number γn of cutpaths of an arrangement.

Consider a cutpath p descending through the wiring diagram of A. Having reached
a cell c, the path has to continue by crossing the wire w bounding c from below.
The cells that can be reached from c by crossing w are ordered from left to right as
c1, c2, . . . , cd . Let their number d be the degree of c. When d ≥ 2 we let c1 be the left
successor of c, and cd be the right successor of c. The other cells c2, . . . , cd−1 are
called middle successors of c. When d = 1 we let c1 be the unique successor of c.

When the cutpath p of A traverses a cell c such that there is a middle successor
cell c′ of c separated from c by pseudoline j we say that p sees a middle of color
j at c. If p descends from c to c′ we say that p has crossed pseudoline j as a
middle. Figure 5 illustrates the terminology. The middles of p denotes the set of all
pseudolines crossed by p as a middle. Similarly, the uniques of p denotes the set of
all pseudolines crossed by p when leaving cells of degree 1.

Lemma 1 (Knuth) For every pseudoline j and every cutpath p it holds: p sees a
middle of color j at most once.

Proof Suppose a cutpath p sees a middle of color j at different cells c and c′. As-
suming that p visits c before c′ we have a situation as sketched in Fig. 6. Let t be the
number of wires strictly between w and w′. Between the visits of the borders of c and
c′, pseudoline j has to change at least (t + 1) + 2 times from a wire to another, i.e.,
pseudoline j has at least t + 3 crossings in this range. Every pair of pseudolines has
only one crossing. Therefore, every pseudoline crossing j between c and c′ also has
to be traversed by the cutpath p on its way from c to c′. The cutpath p only intersects
t + 1 wires on its way from c to c′, a contradiction. !

• cross 2 as a middle
• right turn
• left turn
• left turn
• unique successor

M = [0,1,0,0,0]
β  = [0,0,1,1,0]

Encoding the log

Logging the steps
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Encoding
the cutpath:

• M ∈ {0,1}n, subset of middles used
• β ∈ {0,1}n, sequence of left turns used

Observations:
• For every 1-bit in M, some bit in β is irrelevant
• Lookups in β are done in increasing order

� n �
n�

k=0

�n
k

�
2n�k = 2n

�
1+

1
2

�n
= 3n � b � 1

2 log2 3 = 0.7924

Bn+1 � n · Bn � n � 2n · 2n = 4n � Bn � 22
�n

i=1 i � b � 1

Let k = #middles used
M = [0,1,0,0,0]
β  = [0,0,1,1,0]
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Vertical EncodingFelsner, Valtr ’11

Encoding
the cutpath:

• M ∈ {0,1}n, subset of middles used
• β ∈ {0,1}n, sequence of left turns used

Observations:
• For every 1-bit in M, some bit in β is irrelevant
• Lookups in β are done in increasing order

� n �
n�

k=0

�n
k

�
2n�k = 2n

�
1+

1
2

�n
= 3n � b � 1

2 log2 2.5 = 0.6609

Bn+1 � n · Bn � n � 2n · 2n = 4n � Bn � 22
�n

i=1 i � b � 1

Let k = #middles used
M = [0,1,0,0,0]
β  = [0,0,1,1,0]



[M02] Matoušek, J.: Lectures on Discrete Geometry. Graduate Texts in Mathematics, vol. 212. Springer, Berlin (2002)

Matoušek’02

Allowing many pseudoline arrangements
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Allowing many pseudoline arrangements

Lower Bound
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Recursing:
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3 ·
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�
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��
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9
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bubblesort arrangements of six
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the arrangement A′ induced by the first n pseudolines of A. The course of pseudo-
line n + 1 describes a cutpath descending from the north-cell to the south-cell of A.
Looking at the zonotopal tiling representation of A′ as a graph a cutpath corresponds
to a vertically decreasing path from the highest vertex x0 to the lowest xn. Figure 3
shows an example.

The number of arrangements A such that A \ {n + 1} equals A′ is exactly the
number of different cutpaths of A′. Define γn as the maximal number of cutpaths an
arrangement of n pseudolines can have. It then follows that

Bn+1 ≤ γn · Bn. (1)

Knuth proves that γn ≤ 3n and he also notes that the ‘bubblesort arrangement’ (see
Fig. 4) of size n has approximately n 2n−2 cutpaths. Knuth also conjectures that the
bubblesort arrangement is the maximizing example. The bubblesort arrangement is a
particular Euclidean arrangement corresponding to the projective cyclic arrangement,
cf. [12].

In social choice theory a set T of permutations of [n] is called an acyclic set if for
all i, j, k ∈ [n] at most two of ijk, jki, kij appear as a restriction of a permutation
in T to {i, j, k}. The interest in acyclic sets comes from the fact that they avoid Con-
dorcet cycles. That is, if voters are constrained to preference lists from an acyclic set
T , then the majority digraph on the alternatives is acyclic. It has been shown in [6]
that the set of cutpaths of an arrangement A is an acyclic set. Fishburn [5] introduced
the alternating scheme as a large acyclic set. It turned out that the permutations in the
alternating scheme correspond to the cutpaths of the bubblesort arrangement (Fig. 4).
Galambos and Reiner [6] gave a precise formula for the size of the alternating scheme
and conjecture that this is the largest size of an acyclic set that can be obtained as the
set of cutpaths of an arrangement, i.e., in a different context they came up with the
same conjecture as Knuth. Ondřej Bílka, a student of the second author, found a con-
truction of arrangements with 2.076n cutpath [1]. This disproves the conjecture.
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Fig. 9 The hexagon H(5,5,5) with one of its rhombic tilings and a consistent partial arrangement corre-
sponding to the tiling

Theorem 2 Let Bn be the number of arrangements of n pseudolines and let bn =
log2 Bn. For n large enough, bn ≤ 0.6571 n2.

4 A Lower Bound

Given three numbers i, j and k we consider the set of i + j + k pseudolines
1,2, . . . , i +j +k partitioned into the following three parts: {1, . . . , i}, {i +1, . . . , i +
j}, and {i +j +1, . . . , i +j +k}. A partial arrangement on this set is called consistent
if any two pseudolines from different parts cross while any two pseudolines from the
same part do not cross. The zonotopal duals of consistent partial arrangements are
rhombic tilings of the centrally symmetric hexagon H(i, j, k) with side lengths i, j

and k; Fig. 9 shows an example.
The enumeration of rhombic tilings of H(i, j, k) is a classical combinatorial prob-

lem solved by MacMahon [10]. There are

PP(i, j, k) =
i−1!

a=0

j−1!

b=0

k−1!

c=0

a + b + c + 2
a + b + c + 1

(11)

such tilings.
Consider a consistent partial arrangement with three parts of size n. Such a partial

arrangement can be completed to a ‘full’ arrangement of 3n pseudolines by adding
any arrangement of n lines for each of the three parts. E.g. in Fig. 9 the addition can
be done by gluing three arrangements of five pseudolines each to the picture where
the braces are. This construction shows that

B3n ≥ PP(n,n,n) Bn
3. (12)

To find the growth rate of PP(n,n,n) we first note that PP(n,n,n) = T (n)/T (0)

where T (k) = "n−1
a=0

"n−1
b=0(a + b + k + 1). Let t (k) = lnT (k) and approximate t (k)
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